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Abstract
In this paper, we continue the study of ambiguity of internal contextual grammars which was investigated in Ilie [On ambiguity
in internal contextual languages, in: C. Martin-Vide (Ed.), Second Int. Conf. on Mathematical Linguistics, Tarragona, 1996, John
Benjamins,Amsterdam, 1997, pp. 29–45] andMartin-Vide et al. [Attempting to deﬁne the ambiguity in internal contextual languages,
in: C. Martin-Vide (Ed.), Second Int. Conf. on Mathematical Linguistics, Tarragona, 1996, John Benjamins, Amsterdam, 1997,
pp. 59–81]. We solve some open problems formulated in these papers. The main results are: (i) there are inherently 1-ambiguous
languages with respect to internal contextual grammars with arbitrary choice which are 0-unambiguous with respect to ﬁnite choice,
(ii) there are inherently 2-ambiguous languages with respect to internal contextual grammars with arbitrary choice which are
1-unambiguous with respect to regular choice, and (iii) there are inherently 2-ambiguous languages with respect to depth-ﬁrst
internal contextual grammars with arbitrary choice which are 1-unambiguous with respect to ﬁnite choice.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Contextual grammars were introduced by Marcus in 1969 [3] as ‘intrinsic grammars’, without auxiliary symbols,
based on the fundamental linguistic operation of inserting words in given phrases, according to certain contextual
dependencies [2]. More precisely, contextual grammars produce languages starting from a ﬁnite set of axioms and
adjoining contexts, iteratively, according to the selector present in the current sentential form. As introduced in [3], if
adjoining the contexts is done at the ends of the strings, the grammar is called external. Internal contextual grammars
were introduced by Pa˘un and Nguyen in 1980 [8], where the contexts are adjoined to the selector strings appearing as
substrings of the string.
Generally, ambiguity for a grammar is deﬁned as follows: given a grammar, are there words in the generated language
which have two distinct derivations? For Chomsky grammars, the notion of ambiguity is clear, but deﬁning ambiguity
for contextual grammars is not so obvious since the derivation of contextual grammars consists of many components
such as axioms, contexts and selectors. In [6], the notion of ambiguity was considered for the ﬁrst time in this ﬁeld,
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with the ambiguity deﬁned for external contextual grammars. Then, in [5] ﬁve types of ambiguity of internal contextual
grammars were considered. Among them, the following types of ambiguity are relevant to this paper. 1-ambiguity
which is based on the axiom and the contexts used in the derivation but not on their order; 2-ambiguity which is based
on the axiom, the contexts and the selectors used in the derivation but not their order. Another type of ambiguity
called 0-ambiguity was considered by Ilie in [1] by taking into account of axioms only. There are many open problems
formulated in [1,5] on different aspects of ambiguity of internal contextual grammars.
In this paper, we solve some open problems on the inherent ambiguity of internal contextual languages. In [5],
it was shown that there are inherently 1-ambiguous languages with respect to internal contextual grammars without
choice; here we (im)prove the result for grammars with arbitrary choice. Further, we show that there exist inherently
2-ambiguous languages with respect to internal contextual grammars with arbitrary selectors which are 1-unambiguous
with respect to regular selectors, but we cannot prove this result for internal contextual grammars with ﬁnite selectors.
However,we can show that there exist inherently 2-ambiguous languageswith respect todepth-ﬁrst contextual grammars
(a variant of internal contextual grammars) with arbitrary selectors which are 1-unambiguous with respect to ﬁnite
selectors.
2. Basic deﬁnitions
A ﬁnite non-empty set V is called an alphabet.We denote by V ∗ the free monoid generated by V ,  the empty string,
and V + the set V ∗ − {}. The elements of V ∗ are called words or strings. For more details on formal language theory,
we refer to [9].
An internal contextual grammar with choice is a construct
G = (V ,A, (S1, C1), . . . , (Sn, Cn)), n1, where
• V is a ﬁnite alphabet,
• A ⊆ V ∗ is a ﬁnite set of axioms,
• Si ⊆ V ∗, 1 in, are the sets of selectors,
• Ci ⊆ V ∗ × V ∗, Ci ﬁnite, 1 in, are the sets of contexts.
The usual derivation in the internal mode is deﬁned as x ⇒in y iff
x = x1x2x3, y = x1ux2vx3, for x1, x2, x3 ∈ V ∗, x2 ∈ Si, (u, v) ∈ Ci,
for some 1 in. The language generated by the above grammar G is Lin(G) = {x ∈ V ∗ | w ⇒∗in x,w ∈ A}, where⇒∗in is the reﬂexive transitive closure of the relation ⇒in.
If all the sets of selectors S1, . . . , Sn are in a family F of languages, we say that the grammar G is with F se-
lection. When all the selectors are empty, G is said to be internal contextual grammar without choice. In such a
case, we can apply any context (u, v) ∈ Ci, 1 in, to any substring of the derivation as there is no speciﬁed
selector.
Depth-ﬁrst contextual grammars were introduced in [4]. In depth-ﬁrst contextual grammars, at each derivation step
(except the ﬁrst one), at least one of the contexts u or v which was introduced in the previous derivation step must be a
subwordof the currently used selector.More formally, given a contextual grammarG = (V ,A, (S1, C1), . . . , (Sn, Cn)),
n1, a depth-ﬁrst derivation in G is a derivation w1 ⇒df w2 ⇒df · · · ⇒df wm,m1, where
(i) w1 ∈ A,w1 ⇒ w2 in the usual sense,
(ii) for each j = 2, 3, . . . , m, if wj−1 = x1x2x3, wj = x1ux2vx3 ((u, v) is the context adjoined to wj−1 in or-
der to get wj ), then wj = y1y2y3, wj+1 = y1u′y2v′y3, such that y2 ∈ Si, (u′, v′) ∈ Ci , for some i, 1 in,
and y2 contains one of the contexts u or v (which was adjoined in the previous derivation) as a
substring.
The set of all words generated by a grammar G in this way is denoted by Ldf(G).
Now, let us formally introduce the types of ambiguity of internal contextual grammars discussed in the introduction.
Given a contextual grammar
G = (V ,A, (S1, C1), . . . , (Sn, Cn)), n1,
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a derivation  of a word z is given by
 = w1 ⇒in w2 ⇒in · · · ⇒in wm = z, m1, such that
w1 ∈ A,
wj = x1,j x2,j x3,j , x1,j , x2,j , x3,j ∈ V ∗,
wj+1 = x1,j uix2,j vix3,j , x2,j ∈ Si, (ui, vi) ∈ Ci, 1 in, 1jm − 1.
The sequence of axiom and contexts used for the word z is given by
w1, (u1, v1), (u2, v2), . . . , (um−1, vm−1)
and is called the control sequence associated to . The sequence
w1, ((u1, v1), x2,1), ((u2, v2), x2,2), . . . , ((um−1, vm−1), x2,m−1)
is called the complete control sequence of  (it contains the axiom, contexts used and their corresponding selectors).
If we take into the consideration the contexts (and selectors) used and not the order in which they are applied, then we
obtain the unordered control sequence (and the unordered complete control sequence).
A contextual grammar G is said to be 0-ambiguous if there exist at least two different axioms w1, w2 ∈ A,w1 = w2,
such that they both derive the same word z, i.e., w1 ⇒+ z,w2 ⇒+ z. A contextual grammar G is said to be
1-ambiguous (2-ambiguous) if there are two derivations in G having different unordered control sequences (unordered
complete control sequences) and derive the same word. When we consider the order in control sequences, and in
complete control sequences, we can deﬁne 3-ambiguous and 4-ambiguous grammars, but we do not discuss them here.
Also, we omit the details about 5-ambiguity, which is another type of ambiguity based on the whole derivation.
A grammar which is not i-ambiguous, for some i = 0, 1, 2, 3, 4, 5, is said to be i-unambiguous. A language L is
inherently i-ambiguous if every grammar G generating L is i-ambiguous. A language L for which an i-unambiguous
grammar exists is called i-unambiguous and if the grammar is with arbitrary choice, we say that L is i-unambiguous
(or inherently i-ambiguous, when every grammar G which generates L is i-ambiguous) with respect to arbitrary choice.
The ambiguity of internal contextual grammars was studied in [1,5,7]. The main results from these papers and the
open problems we address here are the following.
Result 1. There are inherently 1-ambiguous languages with respect to internal contextual grammars without choice
which are 0-unambiguous with respect to internal contextual grammars with ﬁnite choice.
Open problem 1. Are there inherently 0-ambiguous languages with respect to internal contextual grammars without
choice which are 1-unambiguous with respect to internal contextual grammars with ﬁnite choice?
Result 2. For each (i, j) ∈ {(5, 4), (4, 3), (4, 2), (3, 2), (3, 1)}, there are inherently i-ambiguous languages with
respect to internal contextual grammars with arbitrary selection which are j-unambiguous with respect to internal
contextual grammars with ﬁnite selection.
Open problem 2. For each (i, j) ∈ {(1, 0), (2, 1)}, are there inherently i-ambiguous languageswith respect to internal
contextual grammars with arbitrary choice which are j-unambiguous with respect to internal contextual grammars with
ﬁnite choice?
3. Results
In this section, we present our results which are solutions to the open problems mentioned in the previous section.
Theorem 1. There are inherently 0-ambiguous languages with respect to internal contextual grammars without choice
which are 1-unambiguous with respect to internal contextual grammars with ﬁnite selectors.
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Proof. In [1], it is proved that the language L1 = {a, b}+ is inherently 0-ambiguous with respect to internal contextual
grammars without choice.
To prove that L1 is 1-unambiguous with respect to ﬁnite selectors, consider the grammar G1 = ({a, b}, {a, b},
{({a, b}, {(, a), (, b)})}). It is obvious that L(G1) = L1. As a and b appear only on the right side of the contexts,
all words can be generated from left to right in a unique way. Hence G1 is 1-unambiguous with ﬁnite choice. 
We next solve the second open problem for the case (i, j) ∈ (1, 0) mentioned in the previous section.
Theorem 2. There are inherently 1-ambiguous languages with respect to internal contextual grammars with arbitrary
choice which are 0-unambiguous with respect to internal contextual grammars with ﬁnite selection.
Proof. Consider the language L2 = {ancan | n0} ∪ {baicaj d | i, j0}, and examine an arbitrary grammar G2
generating this language. Considering the ﬁrst part of the language, G2 must have a context of the form (ar , ar ), r1
(and the corresponding selector will be of the form ak1cak2 , k1, k20). Considering the second part of the language,
G2 must have contexts of the form (, as) and (at , ), s, t1 (and their corresponding selectors will be of the form
bak3 or bak4cak5 and ak6d or ak7cak8d, ki0, 3 i8, respectively).
Now, we claim that this arbitrary grammar G2 is 1-ambiguous. Consider the word banarst carst amd ∈ L2 for large
n and m. This word can be derived from bancamd , in two ways: either by adjoining the context (ar , ar ) for st times or
by adjoining the contexts (, as) for rt times and (at , ) for rs times. Therefore, there exists two different unordered
control sequences such that one will have the context (ar , ar ) and the other will have the contexts (, as), (at , ), both
derive the same word in L2. It follows that, G2 is 1-ambiguous. Hence, L2 is inherently 1-ambiguous with respect to
arbitrary selectors.
In order to prove that L2 is 0-unambiguous with respect to ﬁnite selectors, consider the following grammar:
G′2 = ({a, b, c, d}, {c, bcd}, {(c, (a, a)), (b, (, a)), (d, (a, ))}).
It is easy to see that L(G′2) = L2 and G′2 is 0-unambiguous since any word in L2 can be derived by only one of the
axioms in G′2. 
Theorem 3. There exist inherently 2-ambiguous languageswith respect to internal contextual grammarswith arbitrary
selectors which are 1-unambiguous with respect to internal contextual grammars with regular selectors.
Proof. Consider the crossed agreement language
L3 = {anbmcndm | n,m1}.
It is easy to see that any grammarG3 which generatesL3 has the contexts of the form (ai, ci), (bj , dj ), i, j1, and their
corresponding selectors are of the form ap1b+cp2 and bq1c+dq2 , p1, p2, q1, q21, respectively. Set p = p1 +p2, q =
q1 +q2 and consider the word apbqcpdq ∈ L3, where p and q are very large. Now, the word ap+ibq+j cp+idq+j ∈ L3,
can be derived from apbqcpdq in two distinct derivations 1, 2 which differ by their selectors: in one derivation,
we have the unordered complete control sequence {(ap1bqcp2 , (ai, ci)), (bq1cp+idq2 , (bj , dj ))} and in the another
derivation, we have the unordered complete control sequence {(bq1cpdq2 , (bj , dj )), (ap1bq+j cp2 , (ai, ci))}. Note that
the selectors appearing in 1 and 2 are distinct from each other (irrespective of their order of appearance), but the
contexts are the same. Hence, L3 is inherently 2-ambiguous with respect to arbitrary selectors.
In order to show that L3 is 1-unambiguous with respect to regular selectors, consider the following grammar:
G′3 = ({a, b, c, d}, {abcd}, {(ab+c, (a, c)), (bc+d, (b, d))}).
Obviously, the grammar G′3 is 1-unambiguous. (Note that the language L3 cannot be generated by a grammar with
ﬁnite selectors.) 
Unlike internal contextual grammars, for the case of depth-ﬁrst contextual grammars, we can show that there are
inherently 2-ambiguous languages with respect to arbitrary selectors which are 1-unambiguous with respect to ﬁnite
selectors.
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Theorem 4. There are inherently 2-ambiguous languages with respect to depth-ﬁrst internal contextual grammars
with arbitrary selectors which are 1-unambiguous with respect to internal contextual grammars with ﬁnite selectors.
Proof. Consider the language
L4 = {anbam | nm1} ∪ {bakd | k1}.
Let G4 be an arbitrary contextual grammar which generates the language L4 under the depth-ﬁrst derivation. Consider
the ﬁrst part of L4. Obviously, we need the contexts of the form (ap, ap), (aq, ), p, q1. Then, all the selectors must
have a subword b. Otherwise, if a’s are the only selector, then, more a’s can be introduced in the right of b than in the left
of b, and we get a string which is not in the language. At the same time, b alone cannot be a selector, because whenever
(ap, ap) is introduced, the derivation of the next step should contain either the left context ap or the right context ap
which was introduced in the previous step. So, the possible selectors are the subsets of the languages a+b, ba+ and
a+ba+. But no subset of ba+ can be a selector, because, if ({bak, k1}, {(ap, ap), (aq, )}) is in G4, then this can
be applied to the axiom of the second part of L4 and we get a word of the form aibajd, i, j1, not in L4. Also, to
generate the strings of the form arbas where r, s are arbitrarily large, we need the context (ap, ap) and in order to
cover any of the last introduced context ap, we need arbitrarily long selector strings. Therefore, for the ﬁrst part of the
language, the possible selectors are the inﬁnite subsets of the languages a+, a+ba+, and the possible contexts are of
the form {(ap, ap), (aq1 , aq2), (aq, )}, p, q1, q1, q20, q1q2.
Now, consider the second part of the language. The strings of the form bal, l0, cannot have the context of the form
(, at ), t1. Otherwise, applying this to the axiom of the ﬁrst part of the language generates more a’s in the right of
b than in the left of b, which leads to a word not in L4. Therefore, for the second part of the language, the possible
selector and the corresponding context are of the form (ahd, (at , )), h0, t1.
Now we claim that this grammar G4 is 2-ambiguous. Consider the word anbam ∈ L4 with n is arbitrarily larger
than m, so that the context of the form (aq, ) is necessarily used when generating this word. Now, whenever, we
apply the context (aq, ) in a derivation, we will have two choices to cover the last introduced context: either the left
context aq can be included in the selector ai1b, i11 or we can include the right context  to the selector ai2b, i21
(where the occurrences of a not necessarily contain the last introduced left context aq ). Therefore, we can have two
different selectors to choose for the next derivation step: one selector ai1b covers the inserted left context aq and the
other selector ai2b (i1 = i2) covers the inserted right context . Obviously, both the selectors derive the same word. If
G4 is having the other selector arbas , we can follow the similar argument. Therefore, the complete control sequences
will have two different selectors (but the contexts are the same) which derive the same word in L4. It follows that G4
is 2-ambiguous. Hence, L4 is inherently 2-ambiguous with respect to depth-ﬁrst contextual grammars with arbitrary
selectors.
To prove that L4 is 1-unambiguous with respect to ﬁnite selectors, consider the following grammar:
G′4 = ({a, b, d}, {aba, aaba, bad}, {({aab, aba}, {(a, a), (a, )}), (d, (a, ))}).
It is easy to see that Ldf(G′4) = L4. First we shall make sure that G′4 is 2-ambiguous with respect to depth-ﬁrst
derivation. Assume that the word ajaabaaaj ∈ L4, j0, was derived from the axiom under depth-ﬁrst mode and the
last selector used was aba (the underlined letters are the contexts which were introduced in the previous derivation
step). The only possible selector for the next derivation step which contains one of the previous introduced context is
aab. Now assume that we want to apply the context (a, ). After (a, ) is applied in the next derivation step by using
the selector aab, we will have the word ajaaabaaaj . Now the next selector should contain one of the context a or
. Then we can have two choices in choosing the selector: either we can choose aab or aba. Hence, the unordered
complete control sequences will have two different selectors aab and aba. Therefore, G′4 is 2-ambiguous. As G′4 has
no other alternative contexts for (a, a) and (a, ), G′4 is 1-unambiguous. 
4. Final remarks
In this paper, we have solved some of the open problems listed in [1,5]. The open problem 2 mentioned in Section 2
for the case (i, j) ∈ (2, 1) has not been completely solved for internal contextual grammars (in the sense that we cannot
ﬁnd a 1-unambiguous language with respect to ﬁnite choice which is inherently 2-ambiguous), but was solved for
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depth-ﬁrst contextual grammars.With the results presented in this paper, we now obtain a clear picture of the existence
of inherently ambiguous languages (of all types of ambiguity) for internal contextual grammars.
So far, the results available in the literature were interested to know whether there exists any language which is
inherently i-ambiguous (i = 1, 2, 3, 4, 5) with respect to arbitrary selectors, but not (i − 1)-ambiguous with respect to
ﬁnite selectors. On the other hand, the following problem considers the question within the level of i-ambiguity itself.
Assume that G is an i-unambiguous (i = 1, 2, 3, 4, 5) grammar with arbitrary choice which generates a language L.
If L can be generated by a grammar with ﬁnite choice (say G′), then is G′ i-unambiguous or not? The answer to this
problem is not trivial unless G itself is with ﬁnite choice.When the answer is negative (i.e., all G′ are i-ambiguous), the
language L becomes inherently i-ambiguous with respect to ﬁnite selectors, but i-unambiguous with respect to arbitrary
selectors. In consequence, the problem can be rephrased as follows.
Open problem 3. Are there inherently i-ambiguous languages (i = 1, 2, 3, 4, 5) with respect to internal contextual
grammars with ﬁnite choice, which are i-unambiguous with respect to arbitrary (which is not ﬁnite) choice?
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